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Abstract
I report the analysis performed on fermion masses and mixing, including neutrino mixing, within the
context of a model with hierarchical radiative mass generation mechanism for light charged fermions,
mediated by exotic scalar particles at one and two loops, respectively, meanwhile the neutrinos get Ma-
jorana mass terms at tree level through the Yukawa couplings with two SU(2)L Higgs triplets. All
the resulting mass matrices in the model, for the u, d, and e fermion charged sectors, the neutri-
nos and the exotic scalar particles, are diagonalized in exact analytical form. Quantitative analysis
shows that this model is successful to accommodate the hierarchical spectrum of masses and mixing
in the quark sector as well as the charged lepton masses. The lepton mixing matrix, VPMNS , is writ-
ten completely in terms of the neutrino masses m1,m2, and m3. Large lepton mixing for θ12 and θ23
is predicted in the range of values 0.7 . sin2 2θ12 . 0.7772 and 0.87 . sin
2 2θ23 . 0.9023 by using
0.033 . s213 . 0.04. These values for lepton mixing are consistent with 3σ allowed ranges provided
by recent global analysis of neutrino data oscillation. From ∆m2
sol
bounds, neutrino masses are pre-
dicted in the range of values m1 ≈ (1.706 − 2.494) × 10−3eV , m2 ≈ (6.675 − 12.56) × 10−3eV , and
m3 ≈ (1.215− 2.188)× 10−2eV , respectively. The above allowed lepton mixing leads to the quak-lepton
complementary relations θCKM
12
+ θPMNS
12
≈ 41.543◦− 44.066◦ and θCKM
23
+ θPMNS
23
≈ 36.835◦− 38.295◦.
The new exotic scalar particles induce flavor changing neutral currents and contribute to lepton flavor
violating processes such as E → e1e2e3, to radiative rare decays, τ → µγ, τ → eγ, µ → eγ, as well as
to the anomalous magnetic moments of fermions. I give general analytical expressions for the branching
ratios of these rare decays and for the anomalous magnetic moments for charged leptons.
Keywords: Neutrino mixing, Fermion masses and mixing, Flavor symmetry.
PACS: 14.60.Pq, 12.15.Ff, 12.60.-i
1 Introduction
The observed hierarchical spectrum of masses and mixing angles in the quark sector still remains as one of
the most important challenges in particle physics. A possible solution to explain this hierarchical spectrum
is that light fermion masses arise through radiative corrections [1], while the masses for top quark, bottom
quark, and tau lepton are generated either at the tree level like in Ref.[2], or by the implementation of
seesaw-type mechanisms as was proposed by the author in a model with a SU(3) horizontal symmetry in
Ref. [3]. Recently, it has also been possible to observe the phenomenon of flavor mixing in the leptonic sector
∗e-mail: albino@esfm.ipn.mx
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through the confirmation of the phenomenon of ”neutrino oscillation” in experiments of neutrinos coming
from atmospheric [4], solar [5], reactors [6] and accelerators [7], and as a consequence the Pontecorvo-Maki-
Nakagawa-Sakata (PMNS) lepton mixing matrix, VPMNS, has been determined. For three flavor neutrinos
νe , νµ, and ντ , which may evolve into the three massive neutrinos ν1 , ν2 , ν3, the experiments of neutrino
oscillations are interpreted in terms of three mixing angles denoted by θ12 for νe−νµ, θ23 for νµ−ντ , and θ13
for νe − ντ . Recent analysis and fit of neutrino oscillation data give [8], at the 3σ level, the allowed ranges
of values
|∆m223| = (1.4 − 3.3)× 10−3(eV )2 , ∆m212 = (7.1 − 8.9)× 10−5(eV )2 ,
sin2 2θ23 = 0.87 − 1.0 , sin2 2θ12 = 0.70− 0.94 ,
sin2 θ13 6 0.051 ,
(1)
where ∆m212 and ∆m
2
23 are the solar and atmospheric mass differences, respectively.
In this article I address the problem of fermion masses and mixing angles, including neutrino mixing,
within the context of the model introduced in Ref.[2]. Section 2 briefly reviews the main features of the
model with an U(1)H flavor symmetry. Next, in Sec. 3 I discuss the masses and mixing for charged leptons
and quarks, at one and two loops, and using the strong hierarchy of masses, approximate mixing matrices
for the u, d, and e charged sectors are provided. Section 4 is devoted to finding the upper bounds for mixing
angles of charged leptons. In Sec. 5 I analyze neutrino mixing, and the VPMNS lepton mixing matrix is
written in terms of neutrino masses, providing numerical results for neutrino mixing. In Sec. 6 I perform
a quantitative analysis of quarks masses and mixing, including numerical values for the VCKM . In Sec.
7 I give general expressions for the flavor changing neutral currents (FCNCs), rare decays and anomalous
magnetic moments for charged leptons that are induced by the exotic scalar particles. Section 8 contents my
conclusions. In the Appendix I have introduced a method to diagonalize in close analytical form a generic
3x3 real and symmetric mass matrix, and then I have extended this method to diagonalize the 4x4 real
symmetric exotic scalar mass matrix.
2 Model with U(1)H flavor symmetry
The gauge symmetry of the model is defined as U(1)H ⊗SU(3)C ⊗SU(2)L⊗U(1)Y . The fermionic content
of the model is the same as in the ”standard model” (SM), and their charges under the flavor symmetry
U(1)H are arranged as to cancel anomalies without the introduction of exotic fermions. The fermions are
classified, as in the SM, in five sectors f = q, u, d, l, and e, where q and l are the SU(2)L quark and lepton
doublets, respectively, and u, d, and e are the singlets, in an obvious notation.
The cancelation of anomalies in a simple way that simultaneously guarantees that only the third gene-
ration of the charged fermions acquire masses at tree level is given by [2]
H(f) = 0,±δf , δ2q − 2δ2u + δ2d = δ2l − δ2e , (2)
with the constraints
δl = δq = ∆ 6= δu = δd = δe = δ (3)
The assignment of flavor charges to the fermions is then as given in Table 1. The GSM ≡ SU(3)C ⊗
SU(2)L ⊗ U(1)Y quantum numbers of fermions are the same as in the SM.
The particle content of the model is such that we can implement a hierarchical mass generation mecha-
nism, where the third family of charged fermions obtain mass at tree level, while the light charged fermions
2
Sector Family 1 Family 2 Family 3
q ∆ −∆ 0
u δ −δ 0
d δ −δ 0
l ∆ −∆ 0
e δ −δ 0
Table 1: Assignment of family charges under U(1)H .
quantum Class I Class II Class I Class II
number φ1 φ2 φ3 φ4 φ5 φ6 φ7 φ8 φ9 φ10 φ11 φ12
H 0 −δ 0 ∆ 0 δ 0 δ ∆ 0 δ 0
Y 1 0 −23 −23 43 43 −83 −83 2 2 4 4
T 12 0 1 1 0 0 0 0 1 1 0 0
C 1 1 6 6 6 6 6 6 1 1 1 1
Table 2: Assignment of charges for scalar fields under U(1)H ⊗ SU(3)C ⊗ SU(2)L ⊗ U(1)Y .
get masses at one and two loops, respectively. In particular, the radiative mass generation for the light
charged leptons involve the introduction of two SU(2)L weak scalar triplets with neutral fields, which we
allow to get vacuum expectation values (VEVs). The VEVs of these triplets contribute very litle to the W
and Z masses and simultaneously allow the generation of tree level Majorana mass terms for the left-handed
neutrinos.
The scalar fields introduced in the model are then divided into two classes. Class I ( II ) contains scalar
fields which acquire (do not acquire) VEV. These scalar fields are as given in Table 2.
The Yukawa couplings are classified in two types, Dirac(D) and Majorana(M)[Figs. (1a) and (1b)],
respectively,
LY = LY D + LYM , (4)
where
LY D = Y uq¯L3φ˜1uR3 + Y dq¯L3φ1dR3 + Y e l¯L3φ1τR3 +H.c , (5)
with Ψ¯ = Ψ†γ0, φ˜ = iσ2φ
∗, Y i, where i = u, d, e are coupling constants, and
LYM = Y q12 qα1LTCφ3{α,β}qβ2L + Y q23 qα2LTCφ4{α,β}qβ3L + Y q33 qα3LTCφ3{α,β}qβ3L
+ Y u12 u1R
TCφ7u2R + Y
u
23 u2R
TCφ8u3R + Y
u
33 u3R
TCφ7u3R
+ Y d12 d1R
TCφ5d2R + Y
d
23 d2R
TCφ6d3R + Y
d
33 d3R
TCφ5d3R + h.c.
(6)
+ Y12 l
α
1L
TCφ10{α,β}l
β
2L + Y23 l
α
2L
TCφ9{α,β}l
β
3L + Y33 l
α
3L
TCφ10{α,β}l
β
3L
+ Y12 eR
TCφ12µR + Y23 µR
TCφ11τR + Y33 τR
TCφ12τR + h.c.
(7)
In these couplings C represents the charge conjugation matrix, α and β are weak isospin indices, and color
indices have been omitted. Couplings of Eq.(6) are introduced for the quark sector, while those of Eq.(7)
are needed for the lepton sector.
Notice that φ3 and φ9 are represented as
3
φ3 =
(
φ−4/3 φ−1/3
φ−1/3 φ2/3
)
, and φ9 =
(
φ0 φ+
φ+ φ++
)
, (8)
where the superscripts denote the electric charge of the fields ( and corresponding expressions for φ4 and
φ10 ).
The most general scalar potential is written as
−V (φi) =
∑
i
µ2i ‖φi‖2 +
∑
i,j
λij‖φi‖2‖φj‖2 + η31φ†1φ†3φ3φ1 + η˜31φ˜†1φ†3φ3φ˜1
+η41φ
†
1φ
†
4φ4φ1 + η˜41φ˜
†
1φ
†
4φ4φ˜1 + κ91φ
†
1φ
†
9φ9φ1 + κ˜91φ˜
†
1φ
†
9φ9φ˜1
+κ10,1φ
†
1φ
†
10φ10φ1 + κ˜10,1φ˜
†
1φ
†
10φ10φ˜1 +
∑
i 6=ji,j 6=1,2
ηij‖φi†φj‖2
+ ( ρ1φ
†
5φ6φ2 + ρ2φ
†
7φ8φ2 + λ1φ
†
5φ
α
1φ3{α,β}φ
β
1 + λ2φ
†
7φ
α
1φ3{α,β}φ
β
1
+λ3Tr(φ
†
3φ4)φ
2
2 + λ4φ5φ6φ7φ2 + λ5φ5φ
†
6φ
†
7φ8 + λ6φ2φ8φ
2
5 + y1φ
†
12φ11φ2
+ζ1φ
2
12φ
α
1φ10{α,β}φ
β
1 + YrTr(φ
†
10φ9)φ
2
2 + ǫ1φ5φ
†
6φ
†
12φ11
+ ǫ2φ
†
7φ8φ12φ
†
11 + h.c. ) (9)
where Tr means trace and in ‖φi‖2 = φ+i φi an appropriate contraction of the SU(2)L and SU(3)C indices
is understood. The gauge invariance of this potential requires the relation ∆ = 2δ to be hold.
In order to break the symmetry, the VEVs for the class I scalar fields are assumed to be in the form
〈φ1〉 = 1√
2
(
0
v1
)
, 〈φ2〉 = v2, (10)
〈φ9〉 =
(
v9 0
0 0
)
, 〈φ10〉 =
(
v10 0
0 0
)
. (11)
〈φ1〉 and 〈φ2〉 achieve the symmetry breaking sequence
U(1)H ⊗GSM 〈φ2〉−→ GSM 〈φ1〉−→ SU(3)C ⊗ U(1)Q , (12)
while the VEVs v9 and v10 are extremely small in order to be consistent with the experimental bounds on
the ρ parameter. MW =
1
2gv1 with v1 ≈ 246 GeV , and I assume v2 in the TeV region.
The scalar field mixing arises after spontaneous symmetry breaking (SSB) from the terms in the potential
that couple two different class II fields to one class I field. After SSB the mass matrix for the scalar fields
of charge +2 , (φ9, φ10, φ12, φ11) may be written as
M2+2 =


e29 Y
∗
r v
2
2 0 0
Yrv
2
2 e
2
10
ζ∗1 v
2
1
2 0
0
ζ1v21
2 e
2
12 y1v2
0 0 y∗1v2 e
2
11

 , (13)
where e2i = µ
2
i + λi1
v2
1
2 + λi2v
2
2 for i = 9, 10, 11, 12, and analogous ones for the −43 and 23 scalar sectors.
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3 Masses and mixing for charged fermions
Now I give a brief description of the hierarchical mass generation mechanism for the charged fermions. After
the SSB of the electroweak symmetry down to U(1)Q of QED, the Yukawa couplings of Eq.(5) generate
tree level masses for the top and bottom quarks and the τ lepton. For the light charged fermions, the scalar
fields introduced in the model allow the one and two loop diagrams of Fig. 2 for the charged lepton mass
matrix elements, and similar ones for the up and down quark sectors. In the diagrams of Fig. 2 the cross in
the internal fermion lines means tree level mixing and the black dot means one loop mixing. The diagrams
of Figs. 3(a) and 3(b) should be added to the matrix elements (1,3) and (3,1), respectively.
In the one loop contribution to the mass matrices for the different charged fermion sectors only the third
family of fermions appears in the internal lines. This generate a rank 2 matrix, which once diagonalized gives
the mass eigenstates at this approximation. Then using these mass eigenstates the next order contribution
is computed, obtaining a matrix of rank 3. After the diagonalization of this last matrix the mass eigenvalues
and eigenstates are obtained.
3.1 Charged leptons
The nonvanishing contributions from the one loop diagrams of Fig. 2 to the mass terms eiRejLΣij
(1) are
Σ
(1)
22 = m
0
τ
Y23
2
16π2
∑
k
U1kU4kf(Mk,m
0
τ ), (14)
Σ
(1)
23 = m
0
τ
Y23Y33
16π2
∑
k
U2kU4kf(Mk,m
0
τ ), (15)
Σ
(1)
32 = m
0
τ
Y23Y33
16π2
∑
k
U1kU3kf(Mk,m
0
τ ) , (16)
where m0τ is the tree level contribution, U is the orthogonal matrix which diagonalizes M
2
φ, with
Φi = Uijσj , Φ1 ≡ φ9 , Φ2 ≡ φ10 , Φ3 ≡ φ12 , Φ4 ≡ φ11 (17)
being the relation between gauge and mass scalar eigenfields σi, i, j = 1, 2, 3, 4, M
2
k are the scalar mass
eigenvalues, and
f(a, b) ≡ a
2
a2 − b2 ln
a2
b2
. (18)
Thus, the one loop contribution to fermion masses may be written as
M (1)e =


0 0 0
0 Σ
(1)
22 Σ
(1)
23
0 Σ
(1)
32 m
0
τ

 ≡

 0 0 00 a2 a23
0 a32 a3

 . (19)
Now, M
(1)
e is diagonalized by a biunitary transformation
V
(1)
R
†
M (1)e V
(1)
L =M
(1)
D , (20)
5
M (1)e
T
M (1)e =

 0 0 00 (a22 + a232) (a2a23 + a3a32)
0 (a2a23 + a3a32) (a
2
3 + a
2
23)

 ≡

 0 0 00 a′L c′L
0 c′L b
′
L

 , (21)
M (1)e M
(1)
e
T
=

 0 0 00 (a22 + a223) (a2a32 + a3a23)
0 (a2a32 + a3a23) (a
2
3 + a
2
32)

 ≡

 0 0 00 a′R c′R
0 c′R b
′
R

 , (22)
where in this report (ignoring CP violation), the orthogonal matrices V
(1)
L and V
(1)
R are given by
1
V
(1)
L =

 1 0 00 cosαL − sinαL
0 sinαL cosαL

 , V (1)R =

 1 0 00 cosαR − sinαR
0 sinαR cosαR

 , (23)
where
cosαL = α
′(λ+ − a′L) =
√
λ+−a′L
λ+−λ−
, cosαR = β
′(λ+ − a′R) =
√
λ+−a′R
λ+−λ−
,
sinαL = −α′c′L =
√
λ+−b′L
λ+−λ−
, sinαR = −β′c′R =
√
λ+−b′R
λ+−λ−
,
(24)
λ− and λ+ are the solutions of the equation
λ2 −B′λ+D′ = 0 , (25)
λ− =
1
2
[
B′ −
√
B′2 − 4D′
]
, λ+ =
1
2
[
B′ +
√
B′2 − 4D′
]
, (26)
B′ = a′L + b
′
L = a
′
R + b
′
R = a
2
2 + a
2
3 + a
2
23 + a
2
32 = λ− + λ+ ,
D′ = a′Lb
′
L − c′L2 = a′Rb′R − c′R2 = (a2a3 − a23a32)2 = λ−λ+ ,
a2a3 − a23a32 > 0 ,
(27)
and
α′ ≡ 1√
c′L
2 + (λ+ − a′L)2
, β′ ≡ 1√
c′R
2 + (λ+ − a′R)2
, (28)
V
(1)
L
T
M (1)e
T
M (1)e V
(1)
L = V
(1)
R
T
M (1)e M
(1)
e
T
V
(1)
R =

 0 0 00 λ− 0
0 0 λ+

 , (29)
V
(1)
R
T
M (1)e V
(1)
L =

 0 0 00 √λ− 0
0 0
√
λ+

 . (30)
1I assume the signs: a2 > 0, a23 < 0 and a32 < 0
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Therefore, from Eq. (30), up to one loop level
m
(1)
1 = 0 , m
(1)
2 =
√
λ− , m
(1)
3 =
√
λ+ , (31)
with the expected hierarchy λ− ≪ λ+.
Two loop contributions for charged leptons:
Σ
(2)
11 =
Y 212
16π2
∑
k,i
m
(1)
i (V
(1)
L )2i(V
(1)
R )2iU2kU3kf(Mk,m
(1)
i ), (32)
Σ
(2)
12 =
Y12Y23
16π2
∑
k,i
m
(1)
i (V
(1)
L )3i(V
(1)
R )2iU1kU3kf(Mk,m
(1)
i ), (33)
Σ
(2)
13 =
Y12Y23
16pi2
∑
k,im
(1)
i (V
(1)
L )2i(V
(1)
R )2iU1kU3kf(Mk,m
(1)
i )
+Y12Y33
16pi2
∑
k,im
(1)
i (V
(1)
L )3i(V
(1)
R )2iU2kU3kf(Mk,m
(1)
i ) ,
(34)
Σ
(2)
21 =
Y12Y23
16π2
∑
k,i
m
(1)
i (V
(1)
L )2i(V
(1)
R )3iU2kU4kf(Mk,m
(1)
i ), (35)
Σ
(2)
31 =
Y12Y23
16pi2
∑
k,im
(1)
i (V
(1)
L )2i(V
(1)
R )2iU2kU4kf(Mk,m
(1)
i )
+Y12Y3316pi2
∑
k,im
(1)
i (V
(1)
L )2i(V
(1)
R )3iU2kU3kf(Mk,m
(1)
i ) ,
(36)
where i = 2, 3 and k = 1, 2, 3, 4.
Hence the mass matrix for charged leptons up to two loop contributions may be written in good approx-
imation as
M (2)e ≈

 Σ
(2)
11 Σ
(2)
12 Σ
(2)
13
Σ
(2)
21
√
λ− 0
Σ
(2)
31 0
√
λ+

 ≡

 Σ11 Σ12 Σ13Σ21 √λ− 0
Σ31 0
√
λ+

 . (37)
In the limit Mk >> m
0
τ the function f(a, b) behaves as ln
a2
b2
. In this limit, and introducing the m
(1)
i one
loop mass eigenvalues, Eq.(31), the orthogonal matrices V
(1)
L and V
(1)
R , Eq.(23), the relationships
cosαL cosαR =
a3
√
λ+−a2
√
λ−
λ+−λ−
, cosαL sinαR = − a23
√
λ++a32
√
λ−
λ+−λ−
,
sinαL sinαR =
a2
√
λ+−a3
√
λ−
λ+−λ−
, sinαL cosαR = − a32
√
λ++a23
√
λ−
λ+−λ−
,
(38)
and using the orthogonality of U , one obtains explicitly
7
Σ11 = a2 σ > 0 ,
Σ12 = Σ21 =
1
cα
a23 a32
a3
> 0 , cα ≡ Y33Y12
Σ13 = cα a23 σ +
1
cα
a2 a32
a3
< 0 ,
Σ31 = cα a32 σ +
1
cα
a2 a23
a3
< 0 ,
(39)
where the parameter σ is defined as
σ ≡ Y12
2
16π2
∑
k
U2kU3k ln
M2k
m0τ
> 0 . (40)
3.2 Quarks
Performing an analogous analysis, the one loop contributions for the down quark sector are
(
Σ
(1)
22
)d
= m0b
Y q23Y
d
23
16π2
∑
k
Ud1kU
d
4kf(M
d
k ,m
0
b) ≡ ad2 , (41)
(
Σ
(1)
23
)d
= m0b
Y q33Y
d
23
16π2
∑
k
Ud2kU
d
4kf(M
d
k ,m
0
b) ≡ ad23 , (42)
(
Σ
(1)
32
)d
= m0b
Y q23Y
d
33
16π2
∑
k
Ud1kU
d
3kf(M
d
k ,m
0
b) ≡ ad32 , (43)
where m0b is the tree level contribution, U
d is the orthogonal matrix which diagonalizes M2d φ, with
Φdi = U
d
ijσ
d
j , Φ
d
1 ≡ φ4 , Φd2 ≡ φ3 , Φd3 ≡ φ5 , Φd4 ≡ φ6 (44)
being the relation between gauge and mass scalar eigenfields σdi , i, j = 1, 2, 3, 4 and M
d
k
2
are the mass
eigenvalues.
Similarly, the two loop contributions for the down quark sector may be expressed as
8
Σd11 = a
d
2 σ
d > 0 ,
Σd12 =
Y d12
Y d
33
ad23 a
d
32
m0b
> 0 ,
Σd21 =
Y q
12
Y q
33
ad23 a
d
32
m0b
> 0 ,
Σd13 =
Y q
33
Y q
12
ad23 σ
d + Y
d
12
Y d
33
ad2 a
d
32
m0b
< 0 ,
Σd31 =
Y d33
Y d
12
ad32 σ
d + Y
q
12
Y q
33
ad2 a
d
23
m0b
< 0 ,
(45)
with σd defined as
σd =
Y q12Y
d
12
16π2
∑
k
Ud2kU
d
3k ln
Mdk
2
m0b
> 0 , (46)
and analogous ones for the up quark sector.
Notice that the radiative corrections give rise to the following hierarchy among the parameters in the
mass matrices for charged leptons
Σ11 , Σ12 , Σ21 , |Σ13| , |Σ31| ≪ a2 , |a23| , |a32| ≪ a3 = moτ , (47)
and similarly for the u and d quark sectors.
The matrix M
(2)
e , Eq. (37), is diagonalized by a new biunitary transformation
V
(2)
R
†
M (2)e V
(2)
L =M
(2)
D . (48)
In this case, with the aid of results of the Appendix, the orthogonal matrix V
(2)
L may be written as
V
(2)
L =


√
(bL−λ1)(cL−λ1)−f2L
(λ2−λ1)(λ3−λ1)
√
(bL−λ2)(cL−λ2)−f2L
(λ1−λ2)(λ3−λ2) −
√
(bL−λ3)(cL−λ3)−f2L
(λ1−λ3)(λ2−λ3)
−
√
(aL−λ1)(cL−λ1)−e2L
(λ2−λ1)(λ3−λ1)
√
(aL−λ2)(cL−λ2)−e2L
(λ1−λ2)(λ3−λ2) −
√
(aL−λ3)(cL−λ3)−e2L
(λ1−λ3)(λ2−λ3)√
(aL−λ1)(bL−λ1)−d2L
(λ2−λ1)(λ3−λ1)
√
(aL−λ2)(bL−λ2)−d2L
(λ1−λ2)(λ3−λ2)
√
(aL−λ3)(bL−λ3)−d2L
(λ1−λ3)(λ2−λ3)


, (49)
where λi , i = 1, 2, 3 are the eigenvalues of M
(2)
e
T
M
(2)
e ( M
(2)
e M
(2)
e
T
); λ1 ≡ m2e, λ2 ≡ m2µ, and λ3 ≡ m2τ
for charged leptons. A similar expression is obtained for V
(2)
R by replacing L by R, where the L and R
parameters are defined as
9
M (2)e
T
M (2)e ≡

 aL dL eLdL bL fL
eL fL cL

 , M (2)e M (2)e T ≡

 aR dR eRdR bR fR
eR fR cR

 , (50)
aL = Σ
2
11 +Σ
2
21 +Σ
2
31 , dL = Σ21
√
λ− +Σ11Σ12 , eL = Σ31
√
λ+ +Σ11Σ13
bL = λ− +Σ
2
12 , fL = Σ12Σ13
cL = λ+ +Σ
2
13
, (51)
aR = Σ
2
11 +Σ
2
12 +Σ
2
13 , dR = Σ12
√
λ− +Σ11Σ21 , eR = Σ13
√
λ+ +Σ11Σ31
bR = λ− +Σ
2
21 , fR = Σ21Σ31
cR = λ+ +Σ
2
31
, (52)
and similarly for the u and d quark sectors.
Up to now I have realized a complete exact analytical diagonalization of the resulting charged fermion
mass matrices at one and two loops contributions. Thus, from Eqs. (23) and (49) one may obtain exact
expressions for the orthogonal matrices
VL ≡ V (1)L V (2)L , VR ≡ V (1)R V (2)R . (53)
In particular, the VCKM quark mixing matrix (ignoring CP violation) takes the form
VCKM = (V
(1)
uL V
(2)
uL )
TV
(1)
dL V
(2)
dL (54)
3.3 Approximate mixing matrices for charged fermions
Taking advantage of the strong hierarchy of masses observed in the quarks and charged leptons, it is possible
to make good approximations for the mixing matrices V
(1)
L and V
(2)
L given in the Eqs. (23) and (49),
respectively. For instance, the tree level contribution defines the magnitude of the masses for the heaviest
fermions mt ,mb, and mτ in each sector. One loop contribution determines the masses for mc ,ms, and mµ
and the mixing angle between the 2 and 3 families, giving simultaneously small corrections to the masses
of the heaviest fermions. Finally, the two loop contribution gives masses to the lightest fermions u, d and
e and determines their mixing with the families 2 and 3, giving some tiny corrections to the masses of the
heavier fermions. I use this perturbative mechanism to make the following approximations:
λ− ≪ λ+ implies D
′
B′2
=
λ−λ+
(λ− + λ+)2
=
λ−
λ+
1
(1 + λ−λ+ )
2
≪ 1 , (55)
and expanding now the square root in Eq.(26), one gets
λ− =
B′
2
[
1−
√
1− 4 D′
B′2
]
≈ D′
B′
≈ (a2a3−a23a32)2
a2
3
=
(
a2 − a23a32a3
)2
= (a2 − Σ12)2 ,
(56)
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and hence from Eqs. (21) and (27), λ+ − b′L = a′L − λ− ≈ a22 + a232 − (a2 − Σ12)2 ≈ a232. Thus, from Eqs.
(23)-(27), the strong hierarchy of masses leads to the approximation
V
(1)
L ≈

 1 0 00 c23 −s23
0 s23 c23

 , s23 ≡
√
a232
λ3 − λ2 , c23 =
√
1− s223 , (57)
where I have set λ+−λ− ≈ λ3−λ2. Then, in this approach the main contribution to the mixing angle between
the families 2 and 3 comes from the mixing matrix element (V
(1)
L )23. So, according to this perturbative
approach the two loop contribution (V
(2)
L )23 is negligible, that is, |(V (2)L )23| ≪ |(V (1)L )23|, and hence it is
a good approach to set (V
(2)
L )23 ≈ 0 in Eq.(49). Let me discuss further about the consistence of this
approximation.
From the results of the Appendix, by replacing a, b, c, d, e, f → aL, bL, cL, dL, eL, fL, one gets the exact
equation
∆2L(λ3) ≡ λ23 − (aL + cL)λ3 + aLcL − e2L = (aLcL − e2L − λ1λ3)− λ3(λ2 − bL) , (58)
where aLcL−e2L = (Σ211+Σ221)λ+−2Σ11Σ13Σ31
√
λ++(Σ
2
21+Σ
2
31)Σ
2
13 ∼ O(2 loops)2 λ+. Let me recall here
that from Eq.(31), λ2 → λ− and λ3 → λ+ if one ignores two loop contributions to the masses for the 2 and
3 families. Therefore, because λ1 ∼ O(2 loops)2 and λ2− bL = λ2−λ−−Σ212 ∼ O(2 loops)2 by construction,
one concludes that the right-hand side of Eq. (58) is ∼ O(2 loops)2 λ3, and hence
|(V (2)L )23| =
√
∆2L(λ3)
h(λ3)
∼ O(2 loops√
λ3
) . O(
me
mτ
)≪ 1 . (59)
One can also directly write
λ23 − (aL + cL)λ3 + aLcL − e2L = λ23 − [λ− + λ+ + aL +Σ213]λ3 + [λ− + aLcL−e
2
L
λ3
]λ3
≈ λ23 − [λ− + λ+]λ3 + λ−λ3
. (60)
Comparing now Eq. (60) with Eq. (25), one concludes, in what concern the magnitudes for the heaviest
fermion in each charged sector; m2t , m
2
b , and m
2
τ , that the eigenvalue λ3 satisfies with good approximation
the quadratic equation
∆2L(λ3) ≡ λ23 − (aL + cL)λ3 + aLcL − e2L ≈ 0 , (61)
and hence (V
(2)
L )23 ≈ 0 is in good agreement with the radiative corrections. Using now Eq. (61) and the
orthogonality of V
(2)
L , Eq.(49), one reaches the approximation
V
(2)
L ≈

 c12c13 c13s12 −s13−s12 c12 0
c12s13 s12s13 c13

 =

 c13 0 −s130 1 0
s13 0 c13



 c12 s12 0−s12 c12 0
0 0 1

 , (62)
where the s12 and s13 mixing angles are identified as
11
s12 ≡
√
Σ2
21
λ2−λ1
, s13 ≡
√
Σ2
31
λ3−λ1
c12 =
√
1− s212 , c13 =
√
1− s213 ,
(63)
and therefore
VL ≡ V (1)L V (2)L ≈

 c12c13 c13s12 −s13−c23s12 − c12s13s23 c12c23 − s12s13s23 −c13s23
c12c23s13 − s12s23 c12s23 + c23s12s13 c13c23


L
. (64)
It is important to emphasize here that Eq. (64) it is not a parametrization but an approximation that
is consistent with
• the strong hierarchy of masses for quarks and charged leptons and
• the radiative corrections.
A similar analysis for the R handed mixing matrices yields
VR ≡ V (1)R V (2)R ≈

 c′12c′13 c′13s′12 −s′13−c′23s′12 − c′12s′13s′23 c′12c′23 − s′12s′13s′23 −c′13s′23
−s′12s′23 + c′12c′23s′13 c′12s′23 + c′23s′12s′13 c′13c′23


R
, (65)
where
s′12 ≡
√
Σ212
λ2 − λ1 , s
′
13 ≡
√
Σ213
λ3 − λ1 , s
′
23 ≡
√
a223
λ3 − λ2 . (66)
So, the strong hierarchy of masses for charged leptons leads to the approach
s12 ≈ Σ21mµ ≈ O
(
2 loops
1 loop
)
, s′12 ≈ Σ12mµ ≈ O
(
2 loops
1 loop
)
,
s23 ≈ |a32|mτ ≈ O
(
1 loop
tree level
)
, s′23 ≈ |a23|mτ ≈ O
(
1 loop
tree level
)
,
s13 ≈ |Σ31|mτ ≈ O
(
2 loops
tree level
)
, s′13 ≈ |Σ13|mτ ≈ O
(
2 loops
tree level
)
.
(67)
Hence one concludes that the radiative mass mechanism naturally yields the hierarchy
s13 < s12 , s23 ; s
′
13 < s
′
12 , s
′
23 . (68)
Notice that the approximations realized in this section, Eqs. (57) and (62)-(68), may equally be applied to
the e,u, and d charged sectors by replacing properly the mass parameters: m0τ → m0t , m0b , a2, a23, a32 →
au,d2 , a
u,d
23 , a
u,d
32 and Σ11,Σ12,Σ13,Σ21,Σ31 → Σu,d11 ,Σu,d12 ,Σu,d13 ,Σu,d21 ,Σu,d31 , respectively, in an obvious notation.
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4 Quantitative analysis of masses and mixing for charged leptons
Using the orthogonality conditions of U and Eq.(171) of the Appendix, one can compute the parameters
involved in the charged lepton mass matrices; one gets explicitly
a2 = m
0
τ
Y23
2
16pi2
∑4
k=1U1kU4k ln
M2
k
m0τ
2 = m0τ
Y23
2
16pi2
∑4
k=1
f4(ηk)
h(ηk)
ln ηk
m0τ
2 ≡ m0τ Y23
2
16pi2
F22
a23 = m
0
τ
Y23Y33
16pi2
∑4
k=1U2kU4k ln
M2
k
m0τ
2 = m0τ
Y23Y33
16pi2
∑4
k=1
g4(ηk)
h(ηk)
ln ηk
m0τ
2 ≡ −m0τ Y23Y3316pi2 F23
a32 = m
0
τ
Y23Y33
16pi2
∑4
k=1U1kU3k ln
M2
k
m0τ
2 = m0τ
Y23Y33
16pi2
∑4
k=1
f3(ηk)
h(′etak)
ln ηk
m0τ
2 ≡ −m0τ Y23Y3316pi2 F32
σ =
Y 212
16pi2
∑4
k=1 U2kU3k ln
M2
k
m0τ
2 =
Y 212
16pi2
∑4
k=1
g3(ηk)
h(ηk)
ln ηk
m0τ
2 ≡ Y12216pi2 Fσ
, (69)
where ηk ≡M2k , and the dimensionless functions F22, F23, F32, and Fσ may be written as
F22 =
∑4
k=2
f4(ηk)
h(ηk)
lnηk
η1
= bcd
|h(η2)|
ln η2
η1
− bcd
h(η3)
ln η3
η1
+ bcd
|h(η4)|
ln η4
η1
> 0
F23 = −
∑4
k=2
g4(ηk)
h(ηk)
lnηk
η1
= cd(a1−η2)
|h(η2)|
ln η2
η1
− cd(a1−η3)
h(η3)
ln η3
η1
+ cd(a1−η4
|h(η4)|
ln η4
η1
> 0
F32 = −
∑4
k=2
f3(ηk)
h(ηk)
lnηk
η1
= bc(a4−η2)
|h(η2)|
ln η2
η1
− bc(a4−η3)
h(η3)
ln η3
η1
+ bc(a4−η4)
|h(η4)|
ln η4
η1
> 0
Fσ =
∑4
k=2
g3(ηk)
h(ηk)
lnηk
η1
= c(a1−η2)(a4−η2)
|h(η2)|
ln η2
η1
− c(a1−η3)(a4−η3)
h(η3)
ln η3
η1
+ c(a1−η4)(a4−η4)
|h(η4)|
ln η4
η1
> 0
, (70)
where
|h(η2)| ≡ (η2 − η1)(η3 − η2)(η4 − η2) , |h(η4)| ≡ (η4 − η1)(η4 − η2)(η4 − η3) . (71)
To leading order in the radiative loop corrections, one reaches the approximations
mτ ≡
√
λ3 ≈
√
λ+ ≈ a3 = m0τ ,
mµ ≡
√
λ2 ≈
√
λ− ≈ a2 ,
me ≡
√
λ1 ≈ Σ11 = a2 σ ≈ mµ σ ,
(72)
and hence from Eqs. (69)-(72):
a2
m0τ
= Y23
2
16π2 F22 ≈ mµmτ ; σ =
Y 212
16π2 Fσ ≈ memµ
or
Y23
4π ≈ .243842√F22 ;
Y12
4π ≈ .0695437√Fσ .
(73)
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So, in this approach the following relationships hold:
(
Y12Y23
16π2
)2
≈
me
mτ
F22 Fσ
=
2.875643 x 10−4
F22 Fσ
, (74)
Y12
Y23
≈ (.285199)
√
F22√
Fσ
, (75)
|a23|
mµ
≈
|a23|
a2
= Y33F23
Y23F22
= cα
Y12F23
Y23F22
= cα(.285199)
F23√
F22Fσ
|a32|
mµ
≈
|a32|
a2
= Y33F32Y23F22 = cα
Y12F32
Y32F22
= cα(.285199)
F32√
F22Fσ
, (76)
Σ12 = Σ21 =
1
cα
a23a32
a3
=
1
cα
|a23||a32|
m0τ
≈
1
cα
|a23| se23 =
1
cα
|a32| s′e23 , (77)
|Σ31| = cα|a32|σ + 1cα
a2|a23|
a3
≈ cα
me
mµ
|a32|+ 1cα
mµ
mτ
|a23|
|Σ13| = cα|a23|σ + 1cα
a2|a32|
a3
≈ cα
me
mµ
|a23|+ 1cα
mµ
mτ
|a32|
, (78)
where the superscript e denotes the charged lepton sector. Therefore, the mixing angles in (VeL), Eq. (64),
and (VeR), Eq. (65), may be expressed as
se23 ≈
√
a2
32
λ3−λ2 ≈
|a32|
mτ
= cα
(
Y12Y23
16π2
)
F32 = cα(0.016957)
F32√
F22 Fσ
se12 ≈
√
Σ2
21
λ2−λ1 ≈
Σ21
mµ
= 1
cα
|a23|
mµ
se23 ≈ (.285199) F23√F22 Fσ s
e
23
se13 ≈
√
Σ2
31
λ3−λ1 ≈
|Σ31|
mτ
≈ cα memµ se23 + (
mµ
mτ
)2 s
e
12
se
23
, (79)
and
s′e23 ≈
√
a2
23
λ3−λ2 ≈
|a23|
mτ
= cα
(
Y12Y23
16π2
)
F23 = cα(.016957)
F23√
F22 Fσ
s′e12 ≈
√
Σ2
12
λ2−λ1 ≈
Σ12
mµ
= 1cα
|a32|
mµ
s′e23 ≈ (.285199) F32√F22 Fσ s
′e
23
s′e13 ≈
√
Σ2
13
λ3−λ1 ≈
|Σ13|
mτ
≈ cα memµ s′e23 + (
mµ
mτ
)2 s
′e
12
s′
23
, (80)
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respectively, with the relations
se12 = s
′e
12 and hence
se23
s′23
=
|a32|
|a23| =
F32
F23
. (81)
4.1 Upper bounds for charged lepton mixing angles
Each particular set of scalar mass parameters in Eq.(165) define a spectrum of scalar mass eigenvalues η1,
η2, η3, η4, the values for F22, F23, F32 and Fσ through the Eq.(70), as well as the magnitudes for mixing
angles in VeL and VeR through Eqs. (79) and (80). A numerical evaluation shows that the variation of these
mixing angles is relatively small for a large region in the space mass parameters. So, in order to find out the
orders of magnitude for these mixing angles, let me redefine the parameters of M2φ, Eq.(165), in such a way
M2φ =


a′1 b
′ 0 0
b′ a′2 c
′ 0
0 c′ a′3 d
′
0 0 d′ a′4

M2 , (82)
where a′1, a
′
2, a
′
3, a
′
4, b
′, c′ and d′ are positive real numbers, while M is a mass parameter in the TeV region.
Mixing angles in VeL and VeR do not depend on M . The value of M
2 may be determined for instance by
specifying the value of the lightest scalar mass eigenvalue η1 ≡M21 .
Setting for example and simplicity a′1 = a
′
4 , b
′ = c′ = d′ one gets F23 = F32 and hence s
e
23 = s
′e
23,
se12 = s
′e
12, s
e
13 = s
′e
13. So, in the simplified parameter space region defined by a
′
1 = a
′
4 = 1, 2 ≦ a
′
2 ≦ 120,
3 ≦ a′3 ≦ 125, 1 ≦ b
′ = c′ = d′ ≦ 10, one gets the following range of values for mixing angles in the
charged lepton sector:
4.666163× 10−3 . se23 = s′e23 . 1.34417× 10−2 ,
0.105688 .
se
12
se
23
=
s′e
12
s′e
23
. 0.240805 ,
4.931603× 10−4 . se12 = s′e12 . 3.236832× 10−3 ,
3.904076× 10−4 . se13 = s′e13 . 9.123709× 10−4 ,
(83)
where the upper and lower bounds are obtained with the values a′2 = 2, a
′
3 = 3, b
′ = c′ = d′ = 1,
and a′2 = 120, a
′
3 = 125, b
′ = c′ = d′ = 10, respectively, and where I have used the range of values
cα =
Y33
Y12
= c2d = 0.742528 − 0.938792 corresponding to the global parameter space region defined by Eq.
(103) in the analysis of neutrino mixing.
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5 Neutrino masses and VPMNS
From the Yukawa couplings of Eq.(7), the mass matrix for the left-handed neutrinos is obtained as
Mν =

 0 Y12 v10/2 0Y12 v10/2 0 Y23 v9/2
0 Y23 v9/2 Y33 v10

 ≡

 0 d 0d 0 f
0 f c

 . (84)
One may diagonalize Mν as
UTν MνUν =M
d
ν , (85)
where Mdν ≡ diag(ξ1, ξ2, ξ3) is the diagonal matrix with ξ1 , ξ2, and ξ3 being the eigenvalues of Mν , and Uν
is the rotation matrix which connects the gauge states with the corresponding eigenstates.
The eigenvalues ξ1, ξ2, and ξ3 satisfy the following nonlinear relationships with the parameters d, f and
c of Mν , Eq.(84):
ξ1 + ξ2 + ξ3 = c
ξ1ξ2 + ξ1ξ3 + ξ2ξ3 = −d2 − f2
ξ1ξ2ξ3 = −d2c
(86)
The square matrix elements Uν
2
ij may be obtained from those of (V
(2)
L )
2
ij , Eq.(49), by replacing
aL, bL, cL, dL, eL, fL → 0, 0, c, d, 0, f and λi → ξi respectively. However, from the Eq.(86) and assuming
c, d, f > 0, it is easy to conclude that one of the ξi, i = 1, 2, 3 is negative. Thus, the eigenvalues ξi cannot
be directly associated to the physical neutrino masses.
Setting ξ3 > 0 and computing explicitly the Uν
2
ij elements, one arrives to the following statements:
1. Assuming normal hierarchy
ξ21 < ξ
2
2 < ξ
2
3 implies ξ1 > 0 and ξ2 < 0 , (87)
2. Assuming the hierarchy
ξ22 < ξ
2
1 < ξ
2
3 implies ξ1 < 0 and ξ2 > 0 (88)
In what follows, I assume a normal hierarchy for the squared eigenvalues ξ2i as in Eq.(87)
2. In the
literature there exists a lot of models dealing with normal neutrino mass hierarchy[9]. Now I define the
unitary matrix Vν ≡ Uν diag(1, i, 1)[10], which may be written as
Vν =


√
f2 m2m3
(m2
2
−m2
1
)(m2
3
−m2
1
)
−i
√
f2 m1m3
(m2
2
−m2
1
)(m2
3
−m2
2
)
√
f2 m1m2
(m2
3
−m2
1
)(m2
3
−m2
2
)
√
f2 c m1
(m2
2
−m2
1
)(m2
3
−m2
1
)
i
√
f2 c m2
(m2
2
−m2
1
)(m2
3
−m2
2
)
√
f2 c m3
(m2
3
−m2
1
)(m2
3
−m2
2
)
−
√
(d2−m2
1
)(d2+f2−m2
1
)
(m2
2
−m2
1
)(m2
3
−m2
1
)
−i
√
(m2
2
−d2)(d2+f2−m2
2
)
(m2
2
−m2
1
)(m2
3
−m2
2
)
√
(m2
3
−d2)(m2
3
−d2−f2)
(m2
3
−m2
1
)(m2
3
−m2
2
)


, (89)
2The second possibility, Eq.(88), does not change any conclusion about this model
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or equivalently in the form
Vν =


√
m2m3(m3−m2)
c(m1+m2)(m3−m1) −i
√
m1m3(m1+m3)
c(m1+m2)(m3+m2)
√
m1m2(m2−m1)
c(m3−m1)(m3+m2)√
m1(m3−m2)
(m1+m2)(m3−m1) i
√
m2(m1+m3)
(m1+m2)(m3+m2)
√
m3(m2−m1)
(m3−m1)(m3+m2)
−
√
m1(m1+m3)(m2−m1)
c(m1+m2)(m3−m1) −i
√
m2(m3−m2)(m2−m1)
c(m1+m2)(m3+m2)
√
m3(m1+m3)(m3−m2)
c(m3−m1)(m3+m2)


(90)
after using properly the results of the Appendix and making the identification
(ξ1,− ξ2, ξ3) = (m1,m2,m3) (91)
between the eigenvalues ξi and the physical neutrino masses m1, m2, and m3. Therefore, for neutrinos the
transformation between gauge, ψ0ν
T
L = (ν
0
e , ν
0
µ, ν
0
τ )L, and mass eigenstates, ψν
T
L = (ν1, ν2, ν3)L, is
ψ0νL = Vν ψνL . (92)
From Eq.(91) and the definition of Vν it is easy to verify that
V Tν MνVν = diag(m1,m2,m3) , (93)
and hence one may write Eq.(86) in terms of neutrino masses:
m1 +m3 −m2 = c ,
m1m2 −m1m3 +m2m3 = d2 + f2 ,
m1m2m3 = d
2c .
(94)
The combination of these relationships yields the useful equality
f2c = (m3 −m2)(m3 +m1)(m2 −m1) . (95)
Notice that Eqs. (94) and (95) allow one to write all the matrix elements (Vν)ij completely in terms of
the physical neutrino masses m1 ,m2 , and m3 as in Eq.(90).
5.1 VPMNS lepton mixing matrix
The current experimental study of neutrino oscillation phenomena gives as a result that in the lepton sector
the mixing matrix VPMNS behaves close to the so-called ”tribimaximal mixing” (TBM)[11]. In particular,
according to Eq.(1), the mixing angles θ12 and θ23 are large, sin θ12 and sin θ23 . O(1), while θ13 has not
yet been measured. So, taking the ranges of values in Eq.(83) as the typical orders of magnitude for the
mixing angles in the charged lepton sector, it is then clear that mixing in the lepton sector should come
almost completely from neutrino mixing, and then one may approach with good precision
VPMNS ≡ (VeL)†Vν ≈ Vν . (96)
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Thus, from Eqs. (89), (90), and (96), the VPMNS lepton mixing matrix in this model may be approached as
VPMNS ≈

 c12c13 −i c13s12 s13c23s12 − c12s23s13 i (c12c23 + s12s23s13) c13s23
− (s12s23 + c12c23s13) −i (c12s23 − c23s12s13) c13c23

 , (97)
where the lepton mixing angles are identified as
S213 ≡ (Vν)213 = f
2 m1m2
(m2
3
−m2
1
)(m2
3
−m2
2
)
= m1m2(m2−m1)(m1+m3−m2)(m3−m1)(m3+m2) ,
S212 ≡ m
2
3−m21
m2
2
−m2
1
f2 m1m3
(m2
3
−m2
1
)(m2
3
−m2
2
)−f2 m1m2 =
s213
c2
13
m3
m2
m23−m21
m2
2
−m2
1
,
S223 ≡ f
2 cm3
(m2
3
−m2
1
)(m2
3
−m2
2
)−f2 m1m2 =
s213
c2
13
m3
m2
c
m1
,
(98)
and
c213 = 1− s213 = (m
2
3
−m2
1
)(m2
3
−m2
2
)−f2 m1m2
(m2
3
−m2
1
)(m2
3
−m2
2
)
,
c223 = 1− s223 = 1c2
13
m3
c
(m3+m1)(m3−m2)
(m3−m1)(m3+m2) ,
c212 = 1− s212 = s
2
13
c2
13
m3(m
2
3−m22)
m1(m22−m21) .
(99)
The combination of the last two equations yields
sin2 2θ12 = 4
m1m2
(m1+m2)2
(m23−m21)(m23−m22)
(m2
3
−m2
2
−m2
1
+m1m2)2
,
sin2 2θ23 = 4
(m1+m3−m2)(m2−m1)(m3−m2)(m3+m1)
(m2
3
−m2
2
−m2
1
+m1m2)2
.
(100)
5.1.1 Numerical analysis
It is clear from Eqs. (89), (90), and (97)-(100) that this model predicts s213 > 0, implying some deviation
from the TBM limit. The allowed range of values for lepton mixing depends on the value, or range of values,
used for s13. To perform a numerical analysis let me introduce the parameters k and x defined as
k ≡ m3 −m2
m1
, x ≡ m2
m1
> 1 . (101)
One may write all the matrix elements of VPMNS in terms of these two parameters. In particular s
2
13 may
be expressed as
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s213 =
x(x− 1)
(k + 1)(k + x− 1)(k + 2x) . (102)
The last equation may be used now to invert x in terms of s213 and k, and thus sin
2 2θ12 and sin
2 2θ23 may
be written in terms of s213 and k. A numerical analysis shows that for the range of values 0.033 6 s
2
13 6 0.04
one may obtain large mixing angles for θ12 and θ23 within the allowed limits of Eq.(1). This region for s
2
13
is consistent with the upper bound provided by the CHOOZ experiment [12] (s213 . 0.04). I point out the
allowed magnitudes for lepton mixing in the following (s213, k) parameter space regions:
global parameter space: 0.033 6 s213 6 0.04 , 3.2 6 k 6 4.1 (103)
This region yields the range of mixing angles:
0.64865 6 sin2 2θ12 6 0.818112 , 0.813749 6 sin
2 2θ23 6 0.919788 , (104)
and the VPMNS unitary mixing matrix with the following range of magnitudes:
VPMNS ≈

 0.830485 − 0.874368 0.442132 − 0.526588 0.181659 − 0.20.254605 − 0.371263 0.765592 − 0.773352 0.524249 − 0.586563
0.401143 − 0.432288 0.367937 − 0.461950 0.784821 − 0.831963

 . (105)
Recall that the above range of values is restricted by the constraints imposed by the unitarity of VPMNS;
that is, choosing a specific value of one entry further restricts the range of values for the other entries. It is
clear from Eq.(104) that only part of the values in Eq.(105) are within the allowed limits of Eq.(1). Given
a particular value for s213 in Eq.(103), it is possible to specify the k parameter region where lepton mixing
lies within these allowed limits. I point out below these range of values for s213 = 0.034 , 0.037 , and 0.04,
respectively:
Case A: s213 = 0.034 , 3.88182 6 k 6 4.02591 (4.50978 6 x 6 4.79497)
0.7 6 sin2 2θ12 6 0.719315 , 0.87 6 sin
2 2θ23 6 0.878086
, (106)
VPMNS ≈

 0.859588 − 0.864610 0.467386 − 0.476558 0.1843900.298043 − 0.308732 0.771902 − 0.772539 0.555744 − 0.560673
0.404500 − 0.407176 0.420784 − 0.429807 0.807246 − 0.810647

 (107)
Case B: s213 = 0.037 , 3.52059 6 k 6 3.8732 (4.18727 6 x 6 4.91525)
0.7 6 sin2 2θ12 6 0.749742 , 0.87 6 sin
2 2θ23 6 0.890806
, (108)
VPMNS ≈

 0.849926 − 0.863266 0.466660 − 0.490536 0.1923530.289950 − 0.318087 0.768718 − 0.770414 0.554881 − 0.567795
0.413159 − 0.420055 0.410422 − 0.434385 0.800381 − 0.809387

 (109)
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Case C: s213 = 0.04 , 3.21323 6 k 6 3.73671 (3.91261 6 x 6 5.03901)
0.7 6 sin2 2θ12 6 0.777209 , 0.87 6 sin
2 2θ23 6 0.902305
, (110)
VPMNS ≈

 0.840573 − 0.861920 0.465933 − 0.503425 0.20.282093 − 0.326762 0.765697 − 0.768410 0.554016 − 0.57443
0.421328 − 0.432045 0.400339 − 0.438694 0.793744 − 0.808125

 (111)
An additional analysis shows that for 0.0375 . s213 . 0.04 and 0.035 . s
2
13 . 0.04 one may specify a k
parameter region where lepton mixing lies within the 3σ allowed ranges reported in Refs.[13, 14], respectively.
5.1.2 Neutrino masses
With the purpose to obtain some rough estimation for the order of magnitudes of neutrino masses let me
use the range of values for lepton mixing in Eqs. (106)-(111) and the bounds for ∆m2sol and ∆m
2
atm of Eq.
(1). One gets the following neutrino masses.
∆m2
sol
= m22 −m21 = (x2 − 1)m21:
m1 ≈ ( 1.796 − 2.145 , 1.750 − 2.320 , 1.706 − 2.494 )× 10−3 eV
m2 ≈ ( 8.103 − 10.28 , 7.331 − 11.40 , 6.675 − 12.56 )× 10−3 eV
m3 ≈ ( 1.507 − 1.892 , 1.349 − 2.039 , 1.215 − 2.188 )× 10−2 eV
, (112)
where the first, second, and third range of values for each mi , i = 1, 2, 3 correspond to s
2
13 = 0.034,
s213 = 0.037, and s
2
13 = 0.04 respectively.
∆m2atm = m
2
3 −m22 = k(k + 2x)m21:
m1 ≈ ( 5.053 − 8.117 , 5.135 − 8.876 , 5.207 − 9.645 )× 10−3 eV
m2 ≈ ( 2.279 − 3.892 , 2.150 − 4.363 , 2.037 − 4.860 )× 10−2 eV
m3 ≈ ( 4.240 − 7.160 , 3.958 − 7.801 , 3.710 − 8.464 )× 10−2 eV
(113)
6 Quantitative analysis of quark masses and VCKM
To leading order in the radiative loop corrections, one gets the approximations
mb ≡
√
λd3 ≈
√
λd+ ≈ ad3 = m0b , mt ≡
√
λu3 ≈
√
λu+ ≈ au3 = m0t
ms ≡
√
λd2 ≈
√
λd− ≈ ad2 , mc ≡
√
λu2 ≈
√
λu− ≈ au2
md ≡
√
λd1 ≈ Σd11 = ad2 σd ≈ ms σd , mu ≡
√
λu1 ≈ Σu11 = au2 σu ≈ mc σu
(114)
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and then one obtains the relations
σd =
Y q
12
Y d
12
16π2 F
d
σ ≈ mdms , σu =
Y q
12
Y u
12
16π2 F
u
σ ≈ mumc
ad2
m0b
= Y
q
23
Y d
23
16π2
F d22 ≈ msmb ,
au2
m0t
= Y
q
23
Y u
23
16π2
F u22 ≈ mcmt
(115)
where the functions F d,u22 , F
d,u
23 , F
d,u
32 , F
d,u
σ are defined analogous to those for the charged lepton sector in
Eq.(70).
Hence the mixing angles for the d and u quark sectors, V dL and V
u
L , Eq.(64), may be approximated as
sd23 ≈ Y
d
33
Y d
23
F d
32
F d
22
ms
mb
, su23 ≈ Y
u
33
Y u
23
Fu
32
Fu
22
mc
mt
sd12 ≈ Y
q
12
Y q
23
F d
23
F d
22
sd23 , s
u
12 ≈ Y
q
12
Y q
23
Fu
23
Fu
22
su23
sd13 ≈ Y
d
33
Y d
12
md
ms
sd23 + (
ms
mb
)2 s
d
12
sd
23
, su13 ≈ Y
u
33
Y u
12
mu
mc
su23 + (
mc
mt
)2 s
u
12
su
23
(116)
6.1 Numerical analysis
To explore the allowed magnitudes for mixing angles in VCKM and without lost of generality, let me assume
for simplicity the relationships
F d22 = F
u
22 ≡ F22 , F d23 = F u23 ≡ F23 , F d32 = F u32 ≡ F32 , F dσ = F uσ ≡ Fσ (117)
From Eqs. (114)-(117) one gets the following useful relationships to hold
Y q
12
Y q
23
Y d
12
Y d
23
Fσ
F22 ≈
md mb
m2s
,
Y q
12
Y q
23
Y u
12
Y u
23
Fσ
F22 ≈
mu mt
m2c
Y u12
Y d
12
≈
ms
md
mu
mc
,
Y u23
Y d
23
≈
mb
ms
mc
mt
sd12
sd
23
≈
su12
su
23
≈
Y q
12
Y q
23
F23
F22 ,
su12
sd
12
≈
su23
sd
23
≈
Y u33
Y d
33
.
(118)
The combination of Eqs. (114)-(118) yields
su13 ≈
(
Y u33
Y d33
)2
sd13 +
[
(
mc
mt
)2 −
(
Y u33
Y d33
)2
(
ms
mb
)2
]
sd12
sd23
. (119)
Imposing now for the sake of simplicity
Y u33
Y d33
=
Y u23
Y d23
≈
mb
ms
mc
mt
≡ r , (120)
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one reaches the simplified relationships between mixing angles in the u and d quark sectors:
su12 ≈ r s
d
12 , s
u
23 ≈ r s
d
23 , s
u
13 ≈ r
2 sd13 (121)
Equation (121) allows one to write the VCKM = (V
u
L )
T V dL quark mixing matrix in terms of four param-
eters: r and the three mixing angles sd12, s
d
23, and s
d
13. A numerical analysis shows that setting for instance
r = .317239712, corresponding to using the central values for the quark masses ms, mb, mc, and mt reported
in the Particle Data Group, Ref.[15], and the values sd12 = 0.32721, s
d
23 = 0.0604208 and s
d
13 = 0.00921978
yields the quark mixing matrix (ignoring CP violation):
VCKM ≈

 0.973776 0.227474 −0.003963−0.227438 0.972890 −0.041912
−0.005678 0.041715 0.999113

 , (122)
Notice that except the matrix element Vtd, the other eight entries lie within the best fit range values reported
in Ref.[15]. These results suggest that the approach given in Eq.(64) for the orthogonal mixing matrices of
charged fermions is a good approximation.
6.2 Quark-Lepton complementarity relations
Using the quark mixing angles of Eq.(122) and the range of lepton mixing angles of Eqs. (106)-(111) allows
one to obtain the following rough estimation for the quark-lepton complementary relations[16]:
θPMNS12 + θ
CKM
12 ≈ 41.543
◦ − 42.152◦ , 41.543◦ − 43.139◦ , 41.543◦ − 44.066◦ ,
θPMNS23 + θ
CKM
23 ≈ 36.835
◦ − 37.184◦ , 36.835◦ − 37.754◦ , 36.835◦ − 38.295◦ ,
(123)
for s213 = 0.034 , 0.037 , and 0.04, respectively.
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7 FCNCs and rare decays for charged leptons
The new exotic scalar particles introduced to implement the radiative mass generation mechanism have the
capability to induce FCNCs and contribute to ”flavor violation” processes such as F → f1f2f3, to ”radiative
flavor violating” processes such as µ → eγ, τ → µγ, τ → eγ, as well as to the ”anomalous magnetic
moments” (AMMs) of fermions. In this section I compute roughly these additional contributions for the
charged leptons.
Once the generation of fermion masses is completed, the transformations between gauge (0 superscript)
and mass (physical) eigenstates are for scalars Φi = Uijσj, Eq.(17), for charged leptons
ψ0eL,eR = VeL,eR ψeL,eR , (124)
where
VeL,eR = V
(1)
eL,eRV
(2)
eL,eR , ψ
0T
eL,eR = (e
0, µ0, τ0)L,R , ψ
T
eL,eR = (e, µ, τ)L,R , (125)
and analogous transformations for quarks.
7.1 Lepton flavor violation (LFV) processes F → f1f2f3
The scalar fields (φ9, φ10, φ12, φ11) allow tree level flavor changing vertices through the couplings in Eq.(7). In
particular they may induce tree level ”lepton flavor violation” (LFV) processes such as τ → µµµ, τ → µµe,
τ → µee, τ → eee, and µ → eee. The generic diagram for these processes is shown in Fig. 4. The decay
rate contribution from this generic diagram may be taken as [17]
Γ(F → f1f2f3) ≈ m
5
FY
4
l
3072 π3M4φ
, (126)
with Yl being a coupling constant.
7.1.1 µ→ eee
Here I discuss some details about the decay µ→ eee. This rare decay is of particular interest to be analyzed
because experimentally it is strongly suppressed. The dominant contribution to this decay comes from the
diagrams of Fig. 5. Then, from Eqs.(7) and (126), a rough estimation for this decay rate may be written as
Γ(µ→ eee) ≈ m
5
µY
4
12
3072 π3
1
2

(VeL)221
(∑
k
U2k
M2k
)2
+ (VeR)
2
21
(∑
k
U3k
M2k
)2

µeee
, (127)
and therefore the branching ratio for this process is3
BR(µ→ eee) ≡ Γ(µ→ eee)
(Γµ)T
≈ M
4
W
g4w
Y 412{ }µeee < 1× 10−12 , (128)
where I take
(Γµ)T ≈ Γ(µ→ νµeν¯e) =
(
gWmµ
MW
)4 mµ
12(8π)3
(129)
3I write the experimental bounds reported in Particle Data Group Ref.[15].
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7.1.2 τ → µµµ
Γ(τ → µµµ) ≈ m
5
τY
4
23
3072 π3
1
2

(VeL)232
(∑
k
U1k
M2k
)2
L
+ (VeR)
2
32
(∑
k
U4k
M2k
)2
R


τµµµ
(130)
Using the mean life of τ = (290.6± 1.0)× 10−15 s, and hence (Γτ )T = 1τ ≈ 2.2711631× 10−12 GeV , one gets
the branching ratio
BR(τ → µµµ) ≈ Cτmτ 4Y 423{ }τµµµ < 1.9 × 10−7 , (131)
with Cτ ≡ 4.107105 × 106
7.1.3 τ− → µ+µ−e−
Γ(τ− → µ+µ−e−) ≈ m
5
τ (Y12Y23)
2
3072 π3
1
2


(∑
k
U1kU2k
M2k
)2
+
(∑
k
U3kU4k
M2k
)2

τµµe
, (132)
with the branching ratio
BR(τ− → µ+µ−e−) ≈ Cτmτ 4(Y12Y23)2{ }τµµe < 2× 10−7 (133)
7.1.4 τ− → µ+e−e−
Γ(τ− → µ+e−e−) ≈ m
5
τ (Y12Y23)
2
3072 π3
1
2

(VeL)221
(∑
k
U1kU2k
M2k
)2
+ (VeR)
2
21
(∑
k
U3kU4k
M2k
)2

τµee
, (134)
BR(τ− → µ+e−e−) ≈ Cτmτ 4(Y12Y23)2{ }τµee < 1.1 × 10−7 (135)
7.1.5 τ → eee
Γ(τ → eee) ≈ m
5
τ (Y12Y23)
2
3072 π3
1
2

(VeL)421
(∑
k
U1kU2k
M2k
)2
+ (VeR)
4
21
(∑
k
U3kU4k
M2k
)2

τeee
, (136)
BR(τ → eee) ≈ Cτmτ 4(Y12Y23)2{ }τeee < 2× 10−7 . (137)
7.2 Anomalous magnetic moments and radiative rare decays F → fγ
The amplitude for the radiative process f1 → f2γ with f1 and f2 being two equally charged fermions and γ
a real photon is written as [18]
iM(f1(p1)→ f2(p2) + γ) = iu¯2(p2)
(
ǫµγµF
V
1 (0)δf1f2 +
σµνq
νǫµ
m1 +m2
(F V2 (0) + F
A
2 (0)γ5)
)
u1(p1) , (138)
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where F
V (A)
2 gives the AMM (electric dipole moment) for the fermion f1 when f1 = f2. The generic diagrams
for the process f1L → f2R γ are shown in Fig. 6, in these diagrams σ stands for a mass eigenstate scalar
field. The respective evaluation of these diagrams gives
iAL ≈ Y
2
l qe
16π2
N(Mk,mi)e¯2Riσ
µνqνǫµe1L and iAR ≈ Y
2
l qe
16π2
N(Mk,mi)e¯2Liσ
µνqνǫµe1R , (139)
where the second amplitude comes from the diagrams where L and R are interchanged, and N(Mk,mi) may
be approximated as
N(Mk,mi) ≈ mi
M2k
ln
M2k
m2i
(140)
in the limit Mk ≫ mi. Notice that due to scalar field mixing the contribution of these loops is finite as
those in the mass case.
Because of the fermion mixing matrices structure the diagrams that make the largest contribution to
the AMMs of the charged leptons are, for the electron, the diagram with the muon inside the loop, and for
the muon and tau, the diagrams with tau as the internal fermion.
7.2.1 Muon anomalous magnetic moment
The dominant contribution for the muon AMM comes from the diagram of Fig. 7, where the insertion of
a photon on the internal lines is understood as in the generic diagrams of Fig. 6. The expression for this
scalar contribution is [18, 19]
aµ =
mµY
2
23
16π2 (VeL)22(VeR)22 (G
µL +GµR) ≈ mµY 22316π2 (GµL +GµR)
≈ mµmτ Y 223
8π2
∑
k
U1kU4k
M2k
ln
M2k
m2τ
, (141)
where
GµL = GµR =
∑
k,iU1kU4k(VeL)3i(VeR)3iN(Mk,mi) ≈
∑
k U1kU4kN(Mk,mτ )
≈ mτ
∑
k
U1kU4k
M2
k
ln
M2
k
m2τ
.
(142)
7.2.2 Electron and tau anomalous magnetic moments
Performing a similar analysis for e and τ leptons, one gets
For electron:
ae ≈ meY
2
12
16π2
(GeL +GeR) ≈ memµ Y
2
12
8π2
∑
k
U2kU3k
M2k
ln
M2k
m2µ
(143)
where
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GeL = GeR =
∑
k,i U2kU3k(VeL)2i(VeR)2iN(Mk,mi) ≈
∑
k U2kU3kN(Mk,mµ)
≈ mµ
∑
k
U2kU3k
M2
k
ln
M2
k
m2µ
.
(144)
For tau:
aτ ≈ mτY
2
33
16π2
(GτL +GτR) ≈ m
2
τY
2
33
8π2
∑
k
U2kU3k
M2k
ln
M2k
m2τ
(145)
where
GτL = GτR =
∑
k,i
U2kU3k(VeL)3i(VeR)3iN(Mk,mi) ≈
∑
k
U2kU3kN(Mk,mτ )
≈ mτ
∑
k
U2kU3k
M2k
ln
M2k
m2τ
. (146)
7.2.3 Radiative decay µ→ eγ
A similar analysis to the one for the muon AMM leads to the decay rate
Γ(µ→ eγ) = (mµ +me)2mµ(Y12Y23)
2
(16)3 pi5
(1− memµ )2(1−
m2e
m2µ
)
(|(VeL)22(VeR)11GµLeR |2 + |(VeL)11(VeR)22GµReL |2)
≈ m
3
µ(Y12Y23)
2
(16)3 pi5
(|GµLeR |2 + |GµReL |2)
≈ m
3
µm
2
τ (Y12Y23)
2
(16)3 pi5
{
(VeR)
2
23
(∑
k
U1kU3k
M2
k
ln
M2
k
m2τ
)2
+ (VeL)
2
23
(∑
k
U2kU4k
M2
k
ln
M2
k
m2τ
)2}
µeγ
,
(147)
GµLeR =
∑
k,iU1kU3k(VeL)3i(VeR)2iN(Mk,mi) ≈ (VeR)23 mτ
∑
k
U1kU3k
M2
k
ln
M2
k
m2τ
,
GµReL =
∑
k,iU2kU4k(VeL)2i(VeR)3iN(Mk,mi) ≈ (VeL)23 mτ
∑
k
U2kU4k
M2
k
ln
M2
k
m2τ
.
(148)
The resulting branching ratio may be expressed as
BR(µ→ eγ) ≈ 3
2π2
m2τ
m2µ
(
MW
gw
)4
(Y12Y23)
2{ }µeγ < 1.2 × 10−11 . (149)
7.2.4 Radiative decays τ → µγ and τ → eγ
Carrying out a similar analysis, one gets
τ → µγ:
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Γ(τ → µγ) ≈ m3τ (Y23Y33)2
(16)3 pi5
(|GτLµR |2 + |GτRµL |2)
≈ m5τ (Y23Y33)2
(16)3 pi5
{(∑
k
U2kU4k
M2
k
ln
M2
k
m2τ
)2
+
(∑
k
U1kU3k
M2
k
ln
M2
k
m2τ
)2}
τµγ
(150)
where
GτLµR =
∑
k,i U2kU4k(VeL)3i(VeR)3iN(Mk,mi) ≈ mτ
∑
k
U2kU4k
M2
k
ln
M2
k
m2τ
,
GτRµL =
∑
k,i U1kU3k(VeL)3i(VeR)3iN(Mk,mi) ≈ mτ
∑
k
U1kU3k
M2
k
ln
M2
k
m2τ
,
(151)
and branching ratio
BR(τ → µγ) ≈ C ′τm4τ (Y23Y33)2{ }τµγ < 6.8× 10−8 , (152)
with C ′τ = 6.24205152 × 105 .
τ → eγ:
Γ(τ → eγ) ≈ m3τ (Y12Y23)2(16)3 pi5
(|GτLeR |2 + |GτReL |2)
≈ m
3
τm
2
µ(Y12Y23)
2
(16)3 pi5
{(∑
k
U1kU3k
M2
k
ln
M2
k
m2µ
)2
+
(∑
k
U2kU4k
M2
k
ln
M2
k
m2µ
)2}
τeγ
, (153)
where
GτLeR =
∑
k,iU1kU3k(VeL)2i(VeR)2iN(Mk,mi) ≈ mµ
∑
k
U1kU3k
M2
k
ln
M2
k
m2µ
,
GτReL =
∑
k,iU2kU4k(VeL)2i(VeR)2iN(Mk,mi) ≈ mµ
∑
k
U2kU4k
M2
k
ln
M2
k
m2µ
,
(154)
and branching ratio
BR(τ → eγ) ≈ C ′τm2τm2µ (Y12Y23)2{ }τeγ < 1.1× 10−7 . (155)
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8 Summary and conclusions
I have reported a detailed analysis on fermion masses and mixing, including neutrino mixing, within the
context of an extension of the standard model with an U(1)H flavor symmetry and hierarchical radiative
mass mechanism [2]. The results of this analysis show that this model has the capability to accommodate
the observed spectrum of quark masses and mixing angles in the VCKM , as it is shown through the analysis
in Secs. 3 and 6. In a similar way the spectrum of charged lepton masses is consistently generated through
the analysis presented in Secs. 3 and 4. Upper bounds for the charged lepton mixing angles are given
in Eq. (83). These upper bounds imply that mixing in the lepton sector comes almost completely from
neutrino mixing; that is, VPMNS ≈ Vν . In this approach all lepton mixing elements in VPMNS are written
completely in terms of neutrino masses. A numerical analysis shows that using 0.033 . s213 . 0.04 one gets
large mixing angles for θ12 and θ23, 0.7 6 sin
2 2θ12 6 0.777209 and 0.87 6 sin
2 2θ23 6 0.902305, within the
present allowed 3σ limits as reported by recent global analysis of neutrino data oscillation [8, 13, 14]. Using
these allowed ranges of values for quark and lepton mixing, predictions for neutrino masses and quark-lepton
complementary relations are given in the Eqs. (112), (113), and (123), respectively.
From the phenomenological point of view it is interesting to look for a set of scalar mass parameters in
M2φ, Eq. (165), that allows us to account for the strong experimental suppression on LFV processes, such
as µ → eee, radiative rare decays µ → eγ, τ → µγ, τ → eγ, and the muon anomalous magnetic moment.
To achieve this goal a detailed numerical analysis and fit it is needed, trying to keep at least the lowest
scalar mass eigenvalue η1 within few TeV
2. However, it is important to comment that Eq. (83) gives a
good approximation for the upper bounds on charged lepton mixing angles, and hence VPMNS ≈ Vν would
remain as a good approach in this model.
Thus, the contribution of my analysis in comparison to the one realized in Ref. [2] may be summarized
in the following aspects:
• Scalar sector: I have performed the analysis by considering the most general structure for M2φ .
• Charged fermion sector:
– I have obtained and then diagonalized the quark and lepton mass matrices at one and two loops
in close analytical form.
– Taking advantage of the strong hierarchy of quark and charged lepton masses, approximate
expressions for the orthogonal mixing matrices of charged fermions are obtained.
– I have reported general analytical expressions for the branching ratios of LFV processes, radiative
rare decays and for the AMMs of charged leptons.
• Neutrinos: The VPMNS lepton mixing matrix is obtained and written completely in terms of the
neutrino masses, and numerical results for lepton mixing angles are provided.
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9 Appendix: Diagonalization of a generic real symmetric 3x3 mass
matrix
In this appendix I give the details to diagonalize a generic real symmetric mass matrix defined as
M ≡

 a d ed b f
e f c

 . (156)
One can diagonalize this matrix M through the orthogonal matrix V as V TMV = diag(λ1, λ2, λ3), λi,
i = 1, 2, 3 being the eigenvalues of M. The determinant equation det|M −λ| = 0 imposes the constraint that
each one of the eigenvalues λi obeys the cubic equation
− λ3 + (a+ b+ c)λ2 − (ab− d2 + ac− e2 + bc− f2)λ + abc− f2a− e2b− d2c+ 2def = 0 . (157)
Thus, from Eq. (157) one obtains the following nonlinear relationships to hold:
λ1 + λ2 + λ3 = a+ b+ c
λ1λ2 + λ1λ3 + λ2λ3 = ab− d2 + ac− e2 + bc− f2
λ1λ2λ3 = abc− f2a− e2b− d2c+ 2def .
(158)
I do not impose any hierarchy between the eigenvalues λ1, λ2, and λ3. However, I assume they are nonde-
generated. Computing now the eigenvectors4 , the orthogonal matrix V may be writing as
V =


x y
F1(λ2)
∆2(λ2)
z
F2(λ3)
∆3(λ3)
x
F1(λ1)
∆1(λ1)
y z
F3(λ3)
∆3(λ3)
x
F2(λ1)
∆1(λ1)
y
F3(λ2)
∆2(λ2)
z


, (159)
where x, y, and z are normalization constants, and the functions involved are defined as
∆1(λ) ≡ (b− λ)(c − λ)− f2 , F1(λ) ≡ −d(c− λ) + ef ,
∆2(λ) ≡ (a− λ)(c − λ)− e2 , F2(λ) ≡ −e(b− λ) + df ,
∆3(λ) ≡ (a− λ)(b− λ)− d2 , F3(λ) ≡ −f(a− λ) + de .
(160)
Using properly Eqs. (157) and (158), it is possibly to check the orthogonality between columns(eigenvectors)
of V . Moreover, the functions ∆i(λ) and Fi(λ) in Eq.(160) satisfy the important and useful relationships
4Here still unnormalized
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F 21 (λ) = ∆1(λ)∆2(λ) , F1(λ)F2(λ) = ∆1(λ)F3(λ) ,
F 22 (λ) = ∆1(λ)∆3(λ) , F1(λ)F3(λ) = ∆2(λ)F2(λ) ,
F 23 (λ) = ∆2(λ)∆3(λ) , F2(λ)F3(λ) = ∆3(λ)F1(λ) .
(161)
Defining
h(λ) ≡ ∆1(λ) + ∆2(λ) + ∆3(λ) = 3λ2 − 2(a+ b+ c)λ+ ab− d2 + ac− e2 + bc− f2
= 3λ2 − 2(λ1 + λ2 + λ3)λ+ λ1λ2 + λ1λ3 + λ2λ3 ,
(162)
explicitly,
h(λ1) = λ
2
1 − (λ2 + λ3)λ1 + λ2λ3 = (λ2 − λ1)(λ3 − λ1) ,
h(λ2) = λ
2
2 − (λ1 + λ3)λ2 + λ1λ3 = (λ1 − λ2)(λ3 − λ2) ,
h(λ3) = λ
2
3 − (λ1 + λ2)λ3 + λ1λ2 = (λ1 − λ3)(λ2 − λ3) .
(163)
One can use now the relationships of Eqs. (161) and (163) to normalize the eigenvectors, obtaining that in
general the square matrix elements V 2ij i, j = 1, 2, 3 may be expressed as
V 2ij =
∆i(λj)
h(λj)
≥ 0 and hence |Vij| =
√
∆i(λj)
h(λj)
. (164)
Equation (164) defines the magnitudes for the matrix elements Vij in Eq.(159). Setting now the diagonal
elements of V as positives, x > 0, y > 0, and z > 0, the signs of the off diagonal elements, Vij, i 6= j, may
be obtained directly from the Eq.(159) in a particular set of giving parameters a, b, c, d, e, and f that define
the real symmetric mass matrix M in Eq. (156).
It is important to mention here that the method introduced in this Appendix to diagonalize a generic
3x3 real symmetric mass matrix agrees with the diagonalization performed in Ref. [20] for the special case
of Fritzsch’s ansatz, a = e = 0.
9.1 Diagonalization of the generic exotic scalar mass matrices
The most general square scalar mass matrix for the exotic scalar fields, which mediate the radiative mass
generation of the light fermions at one and two loops in the u, d, and e charged fermion sectors, may be
written as
M2φ =


a1 b 0 0
b a2 c 0
0 c a3 d
0 0 d a4

 . (165)
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This matrix may be diagonalized through the orthogonal matrix U as UTM2φU = diag(η1, η2, η3, η4), ηi ≡
M2i , i = 1, 2, 3, 4 being the eigenvalues of M
2
φ. Using the same procedure and method introduced previously,
the orthogonal matrix U may be writing as
U =


x′ y′ f2(η2)∆2(η2) z
′ f3(η3)
∆3(η3)
t′ f4(η4)∆4(η4)
x′ f2(η1)
∆1(η1)
y′ z′ g3(η3)
∆3(η3)
t′ g4(η4)
∆4(η4)
x′ f3(η1)∆1(η1) y
′ g3(η2)
∆2(η2)
z′ t′ h4(η4)∆4(η4)
x′ f4(η1)
∆1(η1)
y′ g4(η2)
∆2(η2)
z′ h4(η3)
∆3(η3)
t′


, (166)
where x′, y′, z′, and t′ are normalization constants, and the functions involved are defined as
∆1(η) ≡ (a2 − η)(a3 − η)(a4 − η)− (a2 − η)d2 − (a4 − η)c2 ,
∆2(η) ≡ (a1 − η)
[
(a3 − η)(a4 − η)− d2
]
,
∆3(η) ≡ (a4 − η)
[
(a1 − η)(a2 − η)− b2
]
,
∆4(η) ≡ (a1 − η)(a2 − η)(a3 − η)− (a1 − η)c2 − (a3 − η)b2 ,
(167)
and
f2(η) ≡ −b
[
(a3 − η)(a4 − η)− d2
]
, g3(η) ≡ −c(a1 − η)(a4 − η) ,
f3(η) ≡ bc(a4 − η) , g4(η) ≡ cd(a1 − η) ,
f4(η) ≡ −bcd , h4(η) ≡ −d
[
(a1 − η)(a2 − η)− b2
]
.
(168)
These functions satisfy relationships analogous to those of Eq.(161), allowing us to obtain the normalization
constants and then to write the square matrix elements as
U2ij =
∆i(ηj)
h(ηj)
≧ 0 , and hence |Uij| =
√
∆i(ηj)
h(ηj)
, (169)
where
h(η1) = (η2 − η1)(η3 − η1)(η4 − η1) , h(η2) = (η1 − η2)(η3 − η2)(η4 − η2) ,
h(η3) = (η1 − η3)(η2 − η3)(η4 − η3) , h(η4) = (η1 − η4)(η2 − η4)(η3 − η4) ,
(170)
and leads to the useful equalities
U1kU4k =
f4(ηk)
h(ηk)
, U2kU4k =
g4(ηk)
h(ηk)
, U1kU3k =
f3(ηk)
h(ηk)
, U2kU3k =
g3(ηk)
h(ηk)
. (171)
31
References
[1] An incomplete list of references is
X.G. He, R. R. Volkas, and D. D. Wu, Phys. Rev. D 41, 1630 (1990); E. Ma, Phys. Rev. Lett. 64, 2866
(1990); H. Fritzsch and Z. Xing, Prog. Part. Nucl. Phys. 45, 1 (2000); E. Ma, Phys. Lett. B 593, 198
(2004).
[2] E. Garcia, A. Hernandez-Galeana, D. Jaramillo, W. A. Ponce, and A. Zepeda, Rev. Mex. Fis. 48, 32
(2002); E. Garcia, A. Hernandez-Galeana, A. Vargas, and A. Zepeda, arXiv:hep-ph/0203249.
[3] Some references on SU(3) family symmetry are
M. Bowick and P. Ramond, Phys. Lett. B 103, 338 (1981); D. R. T. Jones, G. L. Kane, and J. P. Leveille,
Nucl. Phys. B198, 45 (1982); Z. G. Berezhiani, Phys. Lett. B 150, 177 (1985); Z. G. Berezhiani and
M. Y. Khlopov, Yad. Fiz. 51, 1157 (1990) [Sov. J. Nucl. Phys. 51, 739 (1990)]; Z. Berezhiani and A.
Rossi, Nucl. Phys. B594, 113 (2001); A. Masiero, M. Piai, A. Romanino, and L. Silvestrini, Phys. Rev.
D 64, 075005 (2001); S. F. King and G. G. Ross, Phys. Lett. B 520, 243 (2001); 574, 239 (2003); G.
G. Ross, L. Velasco-Sevilla, and O. Vives, Nucl. Phys. B692, 50 (2004); A. Hernandez-Galeana, Rev.
Mex. Fis. 50, 522 (2004); I. de Medeiros Varzielas and G. G. Ross, Nucl. Phys. B733, 31 (2006); I.
de Medeiros Varzielas, S. F. King, and G. G. Ross, Phys. Lett. B 644, 153 (2007); T. Appelquist, Y.
Bai, and M. Piai, Phys. Lett. B 637, 245 (2006); T. Appelquist, Y. Bai, and M. Piai, Phys. Rev. D 74,
076001 (2006).
[4] S. Fukuda et al. (Super-Kamiokande Collaboration), Phys. Rev. Lett. 85, 3999 (2000).
[5] S. Fukuda et al. (Super-Kamiokande Collaboration), Phys. Rev. Lett. 86, 5651 (2001); K. Eguchi et al.
(KamLAND Collaboration), Phys. Rev. Lett. 90, 021802 (2003).
[6] K. Eguchi et al. (KamLAND Collaboration), Phys. Rev. Lett. 90, 021802 (2003); T. Araki et al. (Kam-
LAND Collaboration), Phys. Rev. Lett. 94, 081801 (2005); M. Apollonio et al. (CHOOZ Collaboration),
Phys. Lett. B 466, 415 (1999); F. Boehm et al. Phys. Rev. D 64, 112001 (2001).
[7] D. G. Michael et al. (MINOS Collaboration), Phys. Rev. Lett. 97, 191801 (2006).
[8] R. N. Mohapatra et al., arXiv:hep-ph/0510213.
[9] For review and an incomplete list of references, see
A. Strumia and F. Vissani, arXiv:hep-ph/0606054; R. N. Mohapatra et al., arXiv:hep-ph/0510213; Zhi-
Zhong Xing, Phys. Lett. B 533, 85 (2002); A. Aranda, C.D. Carone, and R.F. Lebed, Phys. Rev. D
62, 016009 (2000); A. Aranda, arXiv:0707.3661.
[10] See, for instance, R. N. Mohapatra and P. B. Pal, Massive Neutrinos in Physics and Astrophysics
(World Scientific, Singapore, 2004), 3rd ed., p. 75.
[11] P. F. Harrison, D. H. Perkins, and W. G. Scott, Phys. Lett. B 530, 167 (2002).
[12] M. Apollonio et al. (CHOOZ Collaboration), Eur. Phys. J. C 27, 331 (2003).
32
[13] M. C. Gonzalez-Garcia and M. Maltoni, arXiv:0704.1800; A. Blum, R. N. Mohapatra, and W. Rodejo-
hann, Phys. Rev. D 76, 053003 (2007).
[14] M. C. Gonzalez-Garcia, M. Maltoni, C. Pen˜a-Garay, and J.W.F. Valle, Phys. Rev. D 63, 033005 (2001);
M. C. Gonzalez-Garcia, Phys. Scr. T121, 72 (2005); H. K. Dreiner, C. Luhn, H. Murayama, and M.
Thormeier, Nucl. Phys. B774, 127 (2007).
[15] W-M. Yao et al. (Particle Data Group), J. Phys. G 33, 1 (2006).
[16] An incomplete list of references is
M. Picariello, B. C. Chauhan, J. Pulido, and E. Torrente-Lujan, arXiv:0706.2332; K. A. Hochmuth, S.
T. Petcov, and W. Rodejohann, arXiv:0706.2975; M. Raidal, Phys. Rev. Lett. 93, 161801 (2004); H.
Minakata and A. Y. Smirnov, Phys. Rev. D 70, 073009 (2004); P. H. Frampton and R. N. Mohapatra,
J. High Energy Phys. 01, (2005) 025; J. Ferrandis and S. Pakvasa, Phys. Lett. B 603, 184 (2004); S. K.
Kang, C. S. Kim, and J. Lee, Phys. Lett. B 619, 129 (2005); K. Cheung, S.K. Kang, C.S. Kim, and J.
Lee, Phys. Rev. D 72, 036003 (2005); A. Datta, L.L. Everett, and P. Ramond, Phys. Lett. B 618, 150
(2005); L.L. Everett, Phys. Rev. D 73, 013011 (2006); A. Dighe, S. Goswami, and P. Roy, Phys. Rev.
D 73, 071301 (2006); arXiv:hep-ph/0602062; B. C. Chauhan et al., Eur. Phys. J. C 50, 573 (2007);
F. Gonzalez-Canales and A. Mondragon, AIP Conf. Proc. 857, 287 (2006); M. A. Schmidt and A. Y.
Smirnov, Phys. Rev. D 74, 113003 (2006); M. Picariello, arXiv:hep-ph/0703301; K. A. Hochmuth and
W. Rodejohann, Phys. Rev. D 75, 073001 (2007); Zhi-Zhong Xing, Phys. Lett. B 618, 141 (2005); F.
Plentinger, G. Seidl, and W. Winter, arXiv:hep-ph/0612169; arXiv:0707.2379.
[17] S. K. Kang and K. Y. Lee, Phys. Lett. B 521, 61 (2001); M. Sher and Y. Yuan, Phys. Rev. D 44, 1461
(1991).
[18] B. W. Lee and R. E. Shrock, Phys. Rev. D 16, 1444 (1977).
[19] S. Nie and M. Sher, Phys. Rev. D 58, 097701 (1998).
[20] H. Fritzsch and Zhi-Zhong Xing, Phys. Lett. B 555, 63 (2003).
33
Figure 1: Generic diagrams contributing to fermion masses. (a) Dirac-type couplings, (b) Majorana-type
couplings.
Figure 2: Mass diagrams for the charged lepton sector.
34
Figure 3: Additional diagrams for the entries (1,3) and (3,1).
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Figure 4: Generic diagram for the LFV processes F → f1f2f3.
35
Le
0
Le
0
µL
0
µL
0
Φ++
P
P
P
2
3
4
P1
µ 0R
e 0R
12
e 0R
µ 0R
Φ10++
P
P
P
2
3
4
P1
(a) (b)
Figure 5: Diagrams for the rare decay µ→ eee.
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Figure 6: Generic diagrams for the process l1 → l2γ, where a scalar mass eigenstate σ is involved.
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Figure 7: Main contribution to the muon anomalous magnetic moment (the insertion of a photon on the
internal lines is understood as in the Fig. 6).
36
